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Abstract
We discuss the geometry of the Ramond-Ramond fields of low degree via the language of
abelian p-gerbes, working in type II superstring theory with vanishing H-flux. A Dp-brane
is a source for the Ramond-Ramond field strength Gp+2, which can be thought of as the
curvature of a connection on a p-gerbe with U(1)-band. The highest degree forms of the
connection are the local Ramond-Ramond potentials Cp+1. This picture is clear for p ≥ 0, a
0-gerbe being a line bundle. Actually, one can encounter also lower degree Ramond-Ramond
field strengths: G1 in IIB superstring theory, and G0 in IIA superstring theory. Although
the geometrical nature of these objects is simple in itself, it is interesting to explicitly clarify
the analogy with the geometry of the higher degree fields and potentials, introducing the
notions of (−1)-gerbes with connection and (−2)-gerbes. We define these gerbes and we
show that they are better described by a variant of ordinary Cˇech cohomology.
ferrariruffino@gmail.com
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1 Introduction
In the paper [4] we discussed some topics on the geometry of D-brane charges and Ramond-
Ramond fields. We used homology and cohomology in analogy with the theory of electro-
magnetism, since this is the most natural approach to this topic, before introducing more
refined instruments as K-theory. We have shown that, for p ≥ 0, the Ramond-Ramond
potentials Cp+1 are the highest degree components of a connection on a p-gerbe with U(1)-
band (considering line bundles as 0-gerbes), while the associated field-strength Gp+2 is the
corresponding curvature, satisfying the Dirac quantization condition.
The geometry of abelian p-gerbes with connection can be described in a unitary way
using Deligne cohomology. A p-gerbe is topologically classified by its first Chern class, and
a connection is completely determined by its holonomy. The latter is a function from the
space of (p+1)-submanifolds without boundary to U(1), and a section of a line bundle over
the space of (p + 1)-submanifolds with boundary: physically it corresponds to the Wess-
Zumino action, i.e. to the the minimal coupling of the local Ramond-Ramond potentials to
the D-brane world-volume.
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The geometry of these objects is clear for p ≥ 0, considering line bundles as 0-gerbes;
in these cases the Ramond-Ramond field strength Gp+2 has degree at least 2. Actually, one
can encounter lower degree Ramond-Ramond fields: in IIB superstring theory there is also
the 1-form field-strength G1, while in IIA superstring theory there is a 0-form field strength
G0, which corresponds in the semiclassical limit to the 0-form field-strength of the massive
(or Romans) IIA supergravity [9]. A 0-form is a function, and actually G0 turns out to be
constant and integral. For G1 the local potentials are the functions C0, while G0 does not
have any potential. The geometry of these objects is simple in itself, but it is interesting to
explicitly show the analogy with the higher degree cases, in order to have a unitary picture for
the Ramond-Ramond fields. We thus introduce the notion of (−1)-gerbes and (−2)-gerbes,
and we show how to deal with connections, holonomies, curvatures and first Chern class for
such gerbes. We show that in order to include also these low-degree gerbes it is better to
introduce a variant of the ordinary Cˇech cohomology, which we call hat-cohomology.
The paper is organized as follows. In section 2 we briefly recall how to describe the
Ramond-Ramond fields using the language of p-gerbes with connection. In section 3 we
show how to describe the low-degree Ramond-Ramond fields, introducing a variant of Cˇech
cohomology with is suitable to describe p-gerbes with U(1)-band for any p ∈ Z. In section
4 we include the cases p = −1 and p = −2 in the theory of connections, holonomies and
curvatures on p-gerbes, showing some simple examples. In section 5 we draw our conclusions.
2 Ramond-Ramond fields and p-gerbes
If we consider the classical magnetic monopole in 3+1 space-time dimensions [8], it is well-
known that, because of the Dirac quantization condition, the field strength Fµν can be
considered as the curvature of a connection on a gauge bundle on R3 \{0}, whose first Chern
class, belonging to H2(R3 \ {0},Z) ≃ Z, corresponds to the magnetic charge fixed in the
origin. If we argue in the same way for a monopole in a generic space-time dimension n+1,
we need a gauge invariant integral (n − 1)-form Fµ1...µn−1 , whose integral on an (n − 1)-
dimensional sphere around the origin of Rn is the magnetic charge (up to a normalization
constant). Hence, because of the Dirac quantization condition, such a field strength can
be thought of as the curvature of a connection on a (n − 3)-gerbe with U(1)-band, whose
first Chern class, belonging to Hn−1(Rn \ {0},Z) ≃ Z, corresponds to the charge fixed in
the origin. That’s why p-gerbes naturally arise when dealing with monopoles in a space-
time of generic dimension. Since a D-brane, at a semiclassical level, can be thought of as
a generalized magnetic monopole, it follows that the Ramond-Ramond potentials Cµ1...µp+1
and field strengths Gµ1...µp+2 can be thought of respectively as a connection and its curvature
on an abelian p-gerbe.
2.1 Gerbes and Cech hypercohomology
We refer to [6] for an introduction to gerbes, and to [3] for a more formal discussion. The
main features of an abelian p-gerbe on a manifold X are:
• the equivalence class (up to isomorphism) of the p-gerbe [G] ∈ Hˇp+1(X,U(1)), for U(1)
the sheaf of U(1)-valued smooth functions;
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• the first Chern class c1(G) ∈ H
p+2(X,Z), which completely determines the equivalence
class of the p-gerbe;
• the equivalence class of the couple gerbe+connection [(G,∇)] ∈ Hˇp+1(X,U(1)
d˜
−→
Ω1
R
d
−→ · · ·
d
−→ Ωp+1
R
) (we will recall in the following the definition of this group);
• the holonomy of the connection Hol∇ : L
p+1X → U(1), for Lp+1X the space of (p+1)-
dimensional submanifolds of X without boundary;
• the curvature of the connection, which is a closed integral (p + 2)-form F ∈ Ωp+2
R
(X)
such that [F ]dR ≃ c1(G)⊗Z R;
• flat connections are classified by Hp+1(X,U(1)), for U(1) the constant sheaf, and the
first Chern classes of the p-gerbes on which they can be defined belong to the torsion
subgroup of Hp+2(X,Z).
Let us briefly comment these features. Since the equivalence class belongs to the (p + 1)-
cohomology group, with respect to a good cover U = {Uα}α∈I of X the transition functions
are defined on the (p+2)-intersections, thus they are functions gα0...αp+1 : Uα0 ∩ . . .∩Uαp+1 →
U(1). To compute the first Chern class, we use the Bockstein map of the sequence 0 →
Z → R → U(1) → 1 in degree p + 1. Concretely, we write the transition functions as
gα0···αp+1 = e
2πiρα0···αp+1 , so that δˇ{ρα0···αp+1} = {cα0···αp+2} with cα0···αp+2 ∈ Z, and we get
c1(G) = [{cα0···αp+2}] ∈ Hˇ
p+2(X,Z). A p-gerbe with connection is an element of the Cˇech
hypercohomology group (called Deligne cohomology group):
Hˇp+1(X,U(1)
d˜
−→ Ω1R
d
−→ · · ·
d
−→ Ωp+1
R
) (1)
for d˜ = 1
2πi
d ◦ log. To define this group, we consider the Cˇech double complex with respect
to a good cover U associated to the complex U(1) → Ω1
R
→ · · · → Ωp+1
R
, and the group
(1) is the (p + 1)-th cohomology group of the associated total complex. Hence, the group
of (p + 1)-cochains is Cˇp+1(U, U(1) → Ω1
R
→ · · · → Ωp+1
R
) = Cˇp+1(U, U(1)) ⊕ Cˇp(U,Ω1
R
) ⊕
· · ·⊕Cˇ0(U,Ωp+1
R
), and a representative hypercocycle of a gerbe with connection is a sequence
(gα0···αp+1, (C
(p)
1 )α0···αp , . . . , (C
′
p)α0α1 , (Cp+1)α0), satisfying the conditions:
(Cp+1)β − (Cp+1)α = (−1)
p+1d(C ′p)αβ
(C ′p)αβ + (C
′
p)βγ + (C
′
p)γα = (−1)
p d(C ′′p−1)αβγ
. . .
δˇp(C
(p)
1 )α0...αp =
1
2πi
d log gα0...αp+1
δˇp+1gα0...αp+1 = 1.
(2)
The local forms dCp+1 glue to a gauge-invariant one Gp+2, which is the curvature of the p-
gerbe, but the data of the superstring background must include a complete equivalence class
represented by (gα0···αp+1, (C
(p)
1 )α0···αp , . . . , (C
′
p)α0α1 , (Cp+1)α0), not only the top-forms Cp+1.
As for line bundles, the correspondence [Gp+2]dR ≃ c1(G)⊗Z R holds, in particular the Dirac
quantization condition applies for any p. From a physical point of view, Deligne cohomology
describes gauge transformations. Conditions (2) specify how the local potentials glue on the
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intersections, and this concerns a single representative (gα0···αp+1, (C
(p)
1 )α0···αp , . . . , (Cp+1)α0)
of the equivalence class. There are also possible gauge transformations consisting in the
addition of a coboundary, the latter being of the form:
δ{hα0...αp, (C
(p−1)
1 )α0...αp−1 , . . . , (Cp)α0} =
{δˇphα0...αp , d˜hα0...αp + δˇ
p−1(C
(p−1)
1 )α0...αp−1 , . . . , (−1)
p−1d(C
(1)
p−1)α0α1 − (Cp)α0 + (Cp)α1}.
There real data is not the single representative, but the cohomology class itself, since it is
determined by the two real physical observables: the field strength (corresponding to the
field F in electromagnetism) and the holonomy of the connection or Wess-Zumino action
(corresponding in electromagnetism to the phase difference measured in the context of the
Aranhov-Bohm effect).
We can define the holonomy (i.e. the exponential of the Wilson loop) for p-gerbes gener-
alizing the definition for line bundles. For p = 1 we refer to [1], for p > 1 it becomes more
complicated to write down, but the properties are the same: it is a well-defined function on
the space of (p+ 1)-submanifolds without boundary, while it is the section of a line bundle
over the space of (p+ 1)-submanifolds with boundary. To obtain a geometrical intuition for
such objects one must deal with sheaves of p-categories (for p = 1 a good reference is [3]),
but the language of Deligne cohomology is enough for our purposes.
2.2 Wess-Zumino action and D-branes duality
We work in type II superstring theory on a 10-dimensional background X , with vanishing
H-flux. The Ramond-Ramond field strength Gp+2 can be thought of as the curvature of a
connection on an abelian p-gerbe, while the local Ramond-Ramond potentials Cp+1 are the
highest degree components of the connection. There is a natural duality between Dp-branes
and D(6 − p)-branes, because a D(6 − p)-brane minimally couples, via the Wess-Zumino
action, to the potential of the Ramond-Ramond field whose source is a Dp-brane.1 In fact,
let us consider a Dp-brane with (p+ 1)-dimensional world-volume WYp, for 0 ≤ p ≤ 6. The
violated Bianchi identity is:
dG8−p = qp · δ(WYp) dGp+2 = 0 (3)
where qp is the charge, or equivalently, the number of D-branes in the stack. To compute
the charge from the background data, we consider a linking manifold2 L of WYp in S with
linking number l, so that, from (3), we get:
qp =
1
l
∫
L
G8−p. (4)
Thus the Dp-brane is a charged source for the Ramond-Ramond field-strength G8−p. Let us
now consider a D(6−p)-brane with (7−p)-dimensional world-volume WY6−p, moving in the
1In the democratic formulation of supergravity, Dp-branes and D(6−p)-branes are also sources of Hodge-
dual Ramond-Ramond field-strengths G8−p and Gp+2.
2A linking manifold is the boundary of a manifold intersecting WYp transversally in isolated points of its
interior.
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G8−p-field generated by the Dp-brane. The Wess-Zumino action is:
SWZ = q6−p
∫
WY6−p
C7−p (5)
where the integral (actually, its exponential) should be interpreted as the holonomy of the
(6 − p)-gerbe connection on WY6−p [4]. Since dC7−p = G8−p, the D(6− p)-brane minimally
couples to the connection associated to the field generated by the Dp-brane.
This duality between Dp-branes and D(6− p)-branes is clear for 0 ≤ p ≤ 6. Let us now
consider p ≥ 7. In this case, we need to consider D-branes of negative dimension [9]. For a
D7-brane, the charge can be computed from (4) with p = 7, so that the generated field is
G1. Its potential is C0, a locally-defined 0-form, thus a locally-defined function. The dual
D(−1)-brane has 0-dimensional world-volume, thus it is a D-instanton, whose action is by
analogy with (5):
SWZ = q−1 · C0(WY−1),
where WY−1 is a point in which we evaluate C0. What is the analogy between C0, which
is a locally-defined function, and the other potentials, which are connections on a p-gerbe?
Moreover, the connections on a p-gerbe are determined, up to gauge transformations, by
their holonomy: what is the holonomy of C0? We will try to clarify this in the following
chapters.
For a D8-brane, the charge can be computed from (4) with p = 8, so that the generated
field is G0. Since it is already a function, it has no potential. As all the other field strengths
it must be closed, hence constant. The Dirac quantization condition is usually interpreted
as the requirement that G0 is an integer number, even if this not the most general case, as
we show in the following. The dual D(−2)-brane has (−1)-dimensional world-volume, thus
it does not exist. This is coherent with the fact that there is no potential. In other words,
there are no branes minimally coupling to the field generated by a D8-brane: in fact, a
D8-brane has a 9-dimensional world-volume which breaks in two pieces the space-time, and
the field generated is the locally constant field G0 whose variation across the world-volume is
the charge; each of the two parts is independent, thus it is impossible to find moving charges
measuring such a difference since they cannot cross the wall.
Finally, we should consider D9-branes, but, as is well-known, they have no charge: that’s
because, since they fill the whole space-time, there is no possibility for the fluxes to go
at infinity. It is the analogue of an electron on a 2-sphere: we must put an anti-electron
in another point, otherwise the theory is inconsistent. Actually, the Wess-Zumino action
should be (5) with p = −3, but C10 is a volume form which is non-dynamical and, as we
have already said, q9 has no meaning.
Summarizing:
• for 0 ≤ p ≤ 6, the Ramond-Ramond field G8−p generated by a Dp-brane is a curvature
of a connection on a p-gerbe, whose holonomy is the Wess-Zumino action of a test
D(6− p)-brane;
• for p = 7, the Ramond-Ramond field G1 generated by a D7-branes is a 1-form, whose
potential is a locally defined function C0; the Wess-Zumino action of a D(−1)-brane,
or D-instanton, is the value of C0 on the world-volume, which is a point;
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• for p = 8, the Ramond-Ramond field G0 generated by a D8-branes is a constant integral
function, without potential;
• for p ≥ 9 there are no D-branes.
Thus, we should find a unitary description of abelian p-gerbes with connection (where 0-
gerbes are line bundles), leading for p = −1 to 1-forms with potential, for p = −2 to a
constant function without potential, and for p ≤ −3 just to the trivial case. Moreover, we
should extend in a unitary way the definition of holonomy and first Chern class to these
cases.
2.3 The low degree Ramond-Ramond fields
2.3.1 The Ramond-Ramond potential C0
We now consider in detail the case of C0, that should correspond to the case of (−1)-
gerbes: we start with the topological description, while we will discuss later how to define
connections.
By analogy, it is natural to define a (−1)-gerbe (up to isomorphism) as a cohomology
class in Hˇ0(X,U(1)), i.e. as a function f : X → U(1). We can define the first Chern class of
such a function as a class in Hˇ1(X,Z), computed via the Bockstein map in degree 0 of the
sequence:
0 −→ Z −→ R −→ U(1) −→ 1. (6)
We concretely compute it as usual: we define f |Uα = e
2πiρα , so that ρα − ρβ = ραβ ∈ Z,
and [{ραβ}] ∈ Hˇ
1(X,Z) is c1(f). In string theory the local logarithms ρα are the Ramond-
Ramond potentials (C0)α, while the globally defined exponential f = e
2πi(C0)α , which we will
call C˜0, is the path-integral measure corresponding to the Wess-Zumino action of a D(−1)-
brane. Can we give a more geometrical characterization of the Chern class of a function with
values in U(1)? Since H1(U(1),Z) ≃ Z, given a function f : X → U(1) we can consider the
pull-back of a generator f ∗(±1) ∈ H1(X,Z). This turns out to be the first Chern class of f
[6], once that we have fixed an orientation of U(1) in order to distinguish 1 and −1:
Lemma 2.1 Let us give to U(1) ⊂ C the counter-clockwise orientation, so that we fix an
oriented generator 1 ∈ H1(U(1),Z) ≃ Z. Then, for f : X → U(1):
c1(f) = f
∗(1) .
The proof is in the appendix A. We have thus seen that it seems natural to define (−1)-
gerbes on X as functions f : X → U(1), and that the first Chern class, computed in
analogy with higher degree gerbes, has a clear geometric interpretation. The problem is
that, since Hˇ0(X,R) is non-zero, while Hˇp(X,R) = 0 for any p ≥ 1 (because of the existence
of partitions of unity), the Bockstein map β0 associated to the sequence (6) is not injective,
although it is still surjective. This means that the first Chern class of a (−1)-gerbe does
not characterize the (−1)-gerbe up to isomorphism, even topologically. We see from the
exactness of (6) that the kernel of β0 is made by functions which admits a global logarithm,
i.e. functions such that f = e2πiρ for some ρ : X → R. Of course if we compute the
Chern class as above we obtain 0, since ρα = ρβ for every Uαβ . We can give a topological
characterization of such functions, thanks to the following simple lemma.
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Lemma 2.2 A function f : X → U(1) admits a global logarithm if and only if it is homo-
topic to the constant map 1.
Proof: If f = e2πiρ, since R is contractible we can find a homotopy F between ρ and the
zero map: for example, we can link ρ(x) to 0 with the segment joining them. Then, e2πiF
is a homotopy between f and 1. Viceversa, the result follows from the homotopy lifting
properties of coverings [5], but we can also prove it from lemma 2.1. In fact, since the pull-
back in cohomology is homotopy-invariant, if f is homotopic to 1 then c1(f) = 1
∗(1) = 0,
thus, from the exactness of (6), we deduce that it admits a global logarithm. 
It follows that c1(f) = c1(g) if and only if f is homotopic to g, hence the first Chern
class of a function uniquely characterizes its equivalence class up to homotopy. Therefore,
if we want to keep the analogy between (−1)-gerbes and p-gerbes for p ≥ 0, we are in the
following situation:
• if we want to keep the classification of p-gerbes via classes in Hˇp+1(X,U(1)), we must
define a (−1)-gerbe, even up to isomorphism, as a function f : X → U(1);
• if we want to preserve the topological classification via the first Chern class in Hˇp+2(X,Z),
we must define a (−1)-gerbe, up to isomorphism, as a homotopy class of functions
[f : X → U(1)].
In the following subsection we see that there is a good reason to prefer the second case,
which will be confirmed studying connections and holonomies.
2.3.2 The Ramond-Ramond field strength G0
The Ramond-Ramond field strength G0, in IIA superstring theory, is a 0-form without
potential. Thus, we must also consider (−2)-gerbes, although they are very simple. Hence:
• if we keep the first analogy with p-gerbes, we must define a (−2)-gerbe as a class in
Hˇ−1(X,U(1)), which is 0, so we would not be able to define non-trivial (−2)-gerbes;
• if we keep the second analogy with p-gerbes, we must define a (−2)-gerbe as an object
classified up to isomorphism by Hˇ0(X,Z), the latter being isomorphic to Z for X
connected: this is correct, since G0 is a pure quantized curvature, expressed as a Z-
valued function, necessarily constant since Z is discrete.
Therefore it is better to preserve the classification up to isomorphism via the first Chern class
in Hp+2(X,Z): we then introduce a suitable variant of Cˇech cohomology, in order to restore
the symmetry even for the cohomology of U(1), leading to a good definition of p-gerbes with
U(1)-band also for p < 0.
3 Hat-cohomology
We introduce a variant of Cˇech cohomology, starting from sheaves of functions with value
in a fixed abelian Lie group G, even of dimension 0 as Z, and then generalizing it to any
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sheaf of abelian Lie groups, or even topological groups.3 We denote this cohomology theory
as Hˆ•(X,F) for F a sheaf of groups, and we denote by G the sheaf of smooth G-valued
functions.
3.1 Sheaves of G-valued functions
3.1.1 First attempt
We keep in mind the case of (−1)-gerbes. Since we want to define them as homotopy classes
of functions, we require that Hˆ0(X,U(1)) is isomorphic to Hˇ0(X,U(1)) / homotopy. Hence
for a generic sheaf G, remembering that Hˇ0(X,G) is the set of smooth functions f : X → G,
we look for cohomology groups Hˆ•(X,G) satisfying:
Hˆ0(X,G) ≃ Hˇ0(X,G) / homotopy
Hˆ i(X,G) ≃ Hˇ i(X,G) ∀i ≥ 1.
(7)
This means that we want to consider as 0-coboundaries the functions homotopic to the
constant function 1. Thus, we could modify the Cˇech complex in the following way:
Cˆ−1(X,G) = {f : X → G | f ≃ 1}
Cˆ i(X,G) = Cˇ i(X,G) ∀i ≥ 0
δˆ−1(f) = f
δˆi = δˇi ∀i ≥ 0.
(8)
In this way the corresponding cohomology groups Hˆ•(X,G) satisfy exactly (7), since func-
tions homotopic to 1 becomes coboundaries by definition. Is this definition correct? Actually,
this is not the case. Let us consider the exact sequence:
0 −→ Z −→ R −→ U(1) −→ 1 (9)
and the associated sequence in cohomology starting from degree −1:
Hˆ−1(X,Z) −→ Hˆ−1(X,R) −→ Hˆ−1(X,U(1)) −→ Hˆ0(X,Z) −→ Hˆ0(X,R).
Since δˆ−1 is injective, the only (−1)-cocycle is 0 for any sheaf, therefore the first three groups
vanish. Since Z is discrete, the only Z-valued function homotopic to 0 is the constant function
0, so that Hˆ0(X,Z) ≃ Hˇ0(X,Z). Moreover, since R is contractible, every R-valued function
is homotopic to zero, so that Hˆ0(X,R) ≃ 0. That’s why the previous sequence becomes,
supposing for simplicity that X is connected:
0 −→ 0 −→ 0
β
−→ Z −→ 0.
This sequence is not exact, otherwise β should be an isomorphism. To identify the problem,
we recall what happens for the ordinary Cˇech cohomology. If we consider a short exact
3We remark that we do not construct a cohomology theory of sheaves in the ordinary sense, since the
canonical axioms are not satisfied [2].
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sequence of pre-sheaves 0→ P1 → P2 → P3 → 0, it immediately follows from the definition
that the corresponding sequence of Cˇech-cochain complexes 0→ Cˇ•(X,P1)→ Cˇ
•(X,P2)→
Cˇ•(X,P3) → 0 is exact, therefore, by a standard homological algebra argument [5], we get
a long exact sequence in cohomology. Then, for a paracompact space (a smooth manifold is
paracompact), one shows that even an exact sequence of sheaves 0 → F1 → F2 → F3 → 0
produces a long exact sequence in cohomology [2]. In fact, on such a space, if P is a pre-
sheaf and P♮ its sheafification, the Cˇech cohomology groups of P and P♮ are canonically
isomorphic. Hence, if we consider the quotient pre-sheaf F2/F1, the cohomology of F3 is
isomorphic to the one of F2/F1, so that the long sequence resulting from 0 → F1 → F2 →
F3 → 0 is the same that one would get from 0→ F1 → F2 → F2/F1 → 0, the latter being
an exact sequence of pre-sheaves. Therefore, the long sequence is exact. In our case, we
have not defined the (−1)-degree cochains for a pre-sheaf (actually, we will define them in
such a way that they are equal to the ones of the sheafification), hence we work directly
with sheaves. In particular, we must verity that, given an exact sequence of abelian groups
0→ A→ B → C → 0, the associated sequence of cochains 0→ Cˆ−1(X,A)→ Cˆ−1(X,B)→
Cˆ−1(X,C) → 0 is exact. With the present definition this is not the case. In fact, let us
consider the sequence in degree −1 associated to (9), i.e.:
0 −→ Cˆ−1(X,Z) −→ Cˆ−1(X,R) −→ Cˆ−1(X,U(1)) −→ 1 (10)
which is equal to:
0 −→ 0 −→ {f : X → R}
exp(2πi ·)
−→ {f : X → U(1) | f ≃ 1} −→ 0 .
It is not exact, since exp is not injective. A constant function f : X → R with integer
value belongs to the kernel of exp, but it is not necessarily 0. Such a constant function is
of course liftable to a Z-valued function, but, in order to lie in Cˆ−1(X,Z), the lift must be
homotopic to the identity, which is the case only for the constant function 0. The problem
is that a homotopy F : X × I → R between f and 0 is not liftable to Z, since it assumes
continuous values, so, although a non-vanishing integral function f is homotopic to zero as
a real function, it is not homotopic to zero as an integral function, coherently with the fact
that Cˆ−1(X,Z) = 0.
From the previous discussion we deduce that the lack of injectivity of exp is due to the
fact that it destroys the information about the homotopy. Therefore, one possible solution
is to include the homotopy itself in the definition. We can define, for I = [0, 1]:
Cˆ−1(X,G) = {f : X × I → G such that f |X×{0} = 1}
Cˆ i(X,G) = Cˇ i(X,G) ∀i ≥ 0
δˆ−1(f) = f |X×{1}
δˆi = δˇi ∀i ≥ 0 .
(11)
In this way the sequence (10) becomes:
0 −→ 0 −→ {f : X × I → R, f |X×{0} = 0}
exp(2πi ·)
−→ {f : X × I → U(1), f |X×{0} = 1} −→ 1.
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Now exp is bijective, as immediately follows from the homotopy lifting property [5], since R
is a cover of U(1). We can see directly the injectivity: in fact, let us suppose that e2πif = 1.
Then f is integral, thus constant, and, since f |X×{0} = 0, it follows that f = 0.
This definition solves the problems about (−1)-gerbes, since Hˆ0(X,R) = 0. In fact, if
we consider a cocycle f : X → R, it is homotopic to the 0-map being R contractible, for
example via the homotopy F (x, t) = tf(x). Thus, F ∈ Cˆ−1(X,R) and δˆ−1F = f , so that
every f is a coboundary. This means that the Bockstein map β0 : Hˆ
0(X,U(1))→ Hˆ1(X,Z)
is now an isomorphism.
Let us now see what happens for (−2)-gerbes. In this case, we have the same problem
that we had about (−1)-gerbes with ordinary Cˇech cohomology: by definition Hˆ−1(X,R) is
the set of real-valued homotopies between 0 and itself, and this group is not zero, thus the
Bockstein map β−1 : Hˆ
−1(X,U(1)) → Hˆ0(X,Z) is not injective. In fact, for X connected,
Hˆ0(X,Z) = Z as for Cˇech cohomology; instead, Hˆ−1(X,U(1)) is the set of homotopies
f : X×I → U(1) between 1 and itself, and this group is much larger than Z (it is continuous),
unless we consider also f up to homotopy. What we need is that Hˆ i(X,R) = 0 for every i.
The right solution is to quotient out also the (−1)-cocycles up to homotopy, so that, being
R contractible, even the cohomology in degree −1 vanishes. Thus, we can define Cˆ−2(X,G)
considering homotopies of homotopies, and so on for any degree.
3.1.2 The correct definition
We use the notation I := [0, 1] and J i ⊂ I i defined as J i := I i−1 × {0} ∪ ∂(I i−1) × I (in
particular J1 = {0}, thinking of I0 as a point). We define:
Cˆ i(X,G) = Cˇ i(X,G) ∀i ≥ 0
Cˆ−i(X,G) = {f : X × I i → G such that f |X×Ji = 1} ∀i ≥ 1
(12)
with coboundaries:
δˆi = δˇi ∀i ≥ 0
δˆ−i(f) = f |X×Ii−1×{1} ∀i ≥ 1.
(13)
First of all, let us now verify that, given an exact sequence of abelian groups:
1 −→ A
i
−→ B
π
−→ C −→ 1 (14)
we obtain an exact sequence of cochain complexes at negative degrees:
1 −→ Cˆ<0(X,A)
i∗
−→ Cˆ<0(X,B)
π∗
−→ Cˆ<0(X,C) −→ 1. (15)
We verify the exactness in each of the three positions of the sequence:
• Injectivity of i∗. Let us fix f ∈ Cˆ−i(X,A). Then, i(−i)f = i ◦ f for i defined in (14),
hence, being i injective, also i(−i) is injective.
• Exactness in the middle. Since pi(−i)f = pi◦f for pi defined in (14), from the exactness of
(14) in the middle it follows that pi(−i)f = 1 if and only if f can be lifted to Cˆ−i(X,A).
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• Surjectivity of pi∗. This easily follows from the fact that, for Lie groups, the projection
on the homogeneous space pi : B → B/A is an A-principal bundle, therefore it has the
homotopy lifting property [5]. Thus, a homotopy F : X × I i−1 × I → C ≃ B/A can
be lifted to a homotopy F : X × I i−1× I → B, once that we fix the lift of the starting
function, which is 1 : X × I i−1 × {0} → B in the present case. Moreover, it is always
possible to choose the lifted homotopy in such a way that it is still relative to X×∂I i−1:
in fact, the homotopy lifting property is by definition the lift extension property [5]
for the couple (X × I i, X × I i−1 × {0}), while its version relative to X × ∂I i−1 is the
lift extension property for the couple (X × I i, X × I i−1 × {0} ∪X × ∂I i−1 × I); since
the couples (I i, I i−1×{0}) and (I i, I i−1×{0}∪ ∂I i−1× I) are homeomorphic, the two
properties are equivalent.
We can now show the structure of cocycles and coboundaries:
• a (−i)-cocycle is a function f : X × I i → G such that f |X×∂Ii = 1; a 0-cocycle is a
function f : X → G as for the Cˇech cohomology;
• a (−i)-coboundary is a cocycle f homotopic to the identity relatively to X×∂I i, since,
if F is such a homotopy between f and 1, then f = δˆ−i−1F ; for the same reason, a
0-coboundary is a function f : X → G homotopic to 1.
It follows that the hat-cohomology groups are:
Hˆ i(X,G) = Hˇ i(X,G) ∀i ≥ 1
Hˆ0(X,G) = Hˇ0(X,G) / homotopy
Hˆ−i(X,G) = {f : X × I i → G, f |X×∂Ii = 1} / homotopy relative to ∂I
i ∀i ≥ 1.
(16)
Since I i/∂I i is homeomorphic to the sphere Si, with a marked point p0 corresponding to
∂I i/∂I i, we can think of Hˆ−i(X,G) as the set of functions from X×Si to G which are equal
to 1 on X × {p0}, up to homotopy relative to X × {p0}. In particular, if we call F (X,G)
the space of smooth functions from X to G, it follows that:
Hˆ−i(X,G) ≃ pii(F (X,G), 1) ∀i ≥ 1,
where pii(F (X,G), 1) is the i-th homotopy group with base-point the constant function 1.
Hence, the long exact sequence in cohomology at negative degrees, associated to an exact
sequence of groups 0→ A→ B → C → 0, is the long exact sequence in homotopy associated
to the fibration F (X,A)→ F (X,B)→ F (X,C) [5].
3.2 Generalization
We can generalize the definition of hat-cohomology to any sheaf of topological groups. In
particular, we remark that a homotopy between two functions f, g : X → Y is a continuous
(or smooth) path in the space of continuous (or smooth) functions from X to Y : in other
words, a homotopy F : X × I → Y , can be thought of as a path ϕ : I → C0(X, Y ) such
that ϕ(0) = f and ϕ(1) = g, defined by ϕ(t)(x) = F (t, x). For the case Y = G, where G is
a Lie group or topological group, it holds that C0(X,G) = G(X), where G(X) is the group
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of global sections of the sheaf G. Therefore, we can generalize (12) to a generic sheaf of
topological groups F in the following way:
Cˆ i(X,F) = Cˇ i(X,F) ∀i ≥ 0
Cˆ−i(X,F) = {ϕ : I i → F(X) such that ϕ|Ji = e} ∀i ≥ 1
(17)
where e is the unit of F(X), with coboundaries:
δˆi = δˇi ∀i ≥ 0
δˆ−i(ϕ) = ϕ|Ii−1×{1} ∀i ≥ 1.
(18)
It follows that:4
Hˆ i(X,F) = Hˇ i(X,F) ∀i ≥ 1
Hˆ0(X,F) = pi0(F(X))
Hˆ−i(X,F) = pii(F(X), e) ∀i ≥ 1.
(19)
For pre-sheaves, we can use the same definition replacing F(X) with Hˇ0(X,F), which coin-
cides up to isomorphism with F ♮(X), for F ♮ the sheafification of F [2]. The problem with
this generalization is to find the correct hypotheses in order to verify the exactness of (15),
but we do not develop this problem here, since it is not needed in the following.
3.3 p-Gerbes and hat-cohomology
Let us now come back to the exact sequence:
0 −→ Z −→ R −→ U(1) −→ 1.
First of all we obtain the desired result that Hˆ i(X,R) = 0 ∀i ∈ Z, so that βi : Hˆ i(X,U(1))→
Hˆ i+1(X,Z) is an isomorphism for every i ∈ Z. Thus, we can give a good topological definition
of abelian p-gerbe for every p ∈ Z, in such a way that there is a natural bijection between
isomorphism classes of p-gerbes and elements of Hˆ i+1(X,U(1)). In particular, considering
the remark after equation (16), we define:
Definition 3.1 For p < 0:
• a p-gerbe with U(1)-band is a function f : X ×S−p−1 → U(1) such that f |X×{p0} = 1;
• an isomorphism between two p-gerbes f, g : X × S−p−1 → U(1) is a homotopy F :
X × S−p−1 × I → U(1) between f and g relative to X × {p0};
• a p-gerbe is trivial if it is isomorphic to the constant function 1.
4In the following equalities involving homotopy groups, we use the fact that, for a topological group A,
the multiplication on pin(A, e), as a homotopy group, coincides with the pointwise multiplication of functions
from (Sn, ∗) to (A, e), up to homotopy relative to ∗ [7].
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For p = −1 the definition leads to a function f : X×S0 → U(1) such that f |X×{p0} = 1, but,
since S0 is the disjoint union of two points, one of which is p0, such a function is equivalent
to a function f : X → U(1) without restrictions, therefore we recover the previous definition.
The first Chern class of a p-gerbe with U(1)-band belongs to H i+2(X,Z), and it completely
determines the p-gerbe up to isomorphism. Actually, the previous definition can be easily
generalized to the non-abelian case, replacing U(1) with U(n), and, via the suspension
isomorphism, we can define the Chern classes and the Chern characters of a non-abelian
p-gerbe for p < 0. Moreover, there are non-trivial non-abelian p-gerbes for any p ∈ Z. We
do not develop this topic further, since abelian gerbes are sufficient in order to describe
Ramond-Ramond fields. Let us now classify the isomorphism classes of abelian p-gerbes for
p ≤ −1:
• For p = −1, as we have already said, isomorphism classes of (−1)-gerbes are homotopy
classes of functions with value in U(1), classified by H1(X,Z).
• For p = −2, isomorphism classes of (−2)-gerbes are elements of Hˆ−1(X,U(1)), i.e.
homotopies between 1 : X → U(1) and itself, up to homotopy relative to X × {0, 1}.
They are classified by H0(X,Z), which is isomorphic to Z for X connected. What is
the explicit correspondence between classes of homotopies from 1 to itself and Z, i.e.
the Bockstein map β(−1)? Given a representative f , we lift it from U(1) to R: we
obtain a homotopy between 1 and another lifting of 1 in R, which is an integer number
n ∈ Z. It is easy to see from the theory of coverings [5] that n depends only on the
homotopy class of f relative to the boundary, so that we obtain a well defined map
β(−1)f = n.
• Since abelian p-gerbes are classified by Hp+2(X,Z), any p-gerbe for p ≤ −3 is trivial.
We thus obtain a picture suitable for type II superstring theory. In fact, as we have discussed
in section 2, we need non-trivial p-gerbes exactly for p ≥ −2, and it is what naturally comes
from the definition of hat-cohomology.
4 Differential geometry and hat-cohomology
Up to now we have discussed only the topology of p-gerbes via hat-cohomology. We now
study their differential geometry, discussing connections with associated curvature and holon-
omy.
4.1 Connections, holonomy and curvature
For p ≥ 0 a p-gerbe with connection corresponds up to isomorphism to an element of the
Deligne cohomology group Hˇp+1(X,U(1) → Ω1
R
→ · · · → Ωp+1
R
). Let us start with (−1)-
gerbes: according to this definition, a (−1)-gerbe with connection corresponds to an element
of Hˇ0(X,U(1)). This definition seems correct. In fact, as we have seen, a (−1)-gerbe is
a function with value in U(1), and its class up to isomorphism is the homotopy class of
the function. Considering that, for p ≥ 0, the local potentials defining a connection are
real-valued forms, and that the local potentials for p = −1 must be 0-forms, we can give the
following definition:
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Definition 4.1 The only connection on a (−1)-gerbe f : X → U(1) is the function C0 :
X → R/Z such that f = e2πiC, which can be represented by local potentials (C0)α : Uα → R
with respect to a good cover U = {Uα}α∈I .
The holonomy of such a connection must be a well-defined function from the space of 0-
submanifolds of X to U(1). Since the connected 0-submanifolds are the points (and it is not
restrictive to consider connected submanifolds), the holonomy must be a function from X
to U(1), i.e. the (−1)-gerbe f itself. Thus, the holonomy of a connection on a (−1)-gerbe is
the gerbe itself, or equivalently the choice of a representative within the isomorphism class.
Two homotopic functions are isomorphic as topological (−1)-gerbes, but not geometrically
as gerbes with connection.
Let us now discuss the curvature. For p ≥ 0 it is defined considering the highest degree
forms of the connection and computing the exterior derivative. For (−1)-gerbes, this is
equivalent to consider the differential dC0 for C0 : X → R/Z the connection. Since f =
e2πiC0 , it follows that dC0 =
1
2πi
d log f = 1
2πi
f−1df . This is consistent, since, if we consider
the complex U(1)→ Ω1
R
→ · · · → Ωp+1
R
, the first boundary is d˜ = 1
2πi
d◦ log instead of d, thus,
by analogy with the case p ≥ 0, it is also natural to define the curvature of a (−1)-gerbe as
d˜f = 1
2πi
f−1df . One can prove that the de-Rahm cohomology class [ 1
2πi
f−1df ]dR corresponds
to c1([f ])⊗Z R under the standard isomorphism H
1
dR(X) ≃ H
1(X,R).
For (−2)-gerbes there is no holonomy, since it should be defined on the space of (−1)-
submanifolds. For what concerns the curvature, it must be a closed integral 0-form, i.e. a
constant integral function F , such that [F ]dR ≃ c1(G) ⊗Z R. Since c1(G) ∈ Hˆ
0(X,Z) ≃ Z,
we deduce that the curvature of a (−2)-gerbe is simply its first Chern class.
Remark: It seems natural to extend the definition of hat-cohomology to the one of hat-
hypercohomology, in order to describe connections and holonomies in this way. Actually,
this extension can be defined, but it gives no interesting information, therefore, in order to
deal with connections, it is better to use Deligne cohomology as we did up to now. The
details can be found in the appendix B.
For example, if we start with the trivial background X = R1,9, every function f : X →
U(1) is homotopic to the constant function 1, since the domain is contractible. Thus
Hˆ0(X,U(1)) = 0 as we expect, so that every (−1)-gerbe is topologically trivial; this also
follows from the fact that H1(X,Z) = 0 and Hˆ0(X,U(1)) ≃ H1(X,Z). A connection on
the trivial gerbe is determined by its holonomy C˜0 : R
1,9 → U(1). We can choose only one
patch, coinciding with the whole X , and a unique Ramond-Ramond potential C0 : X → R
up to global gauge transformations C0 → C0 + n with n ∈ Z: then G1 = dC0 is the field
strength and C˜0 = e
2πiC0 is the holonomy. Thus, all the (−1)-gerbes are topologically trivial,
and they are geometrically classified by a function C˜0 : R
1,9 → U(1), or, equivalently, by an
equivalence class of functions C0 : X → R up to the addition of an integer.
Remark: We see even in this trivial example that in the gauge transformations C0 → C0+n
of the 0-degree Ramond-Ramond potentials it is necessary to impose the constraint that
n ∈ Z, otherwise the holonomy C˜0 = e
2πiC0 , which is the path-integral measure corresponding
to the Wess-Zumino action for a D(−1)-brane, should not be well-defined. This seems to
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be in contrast with the gauge transformations of the higher-order potentials, which are
Cp → Cp + dΛp−1, without integrality conditions. We will discuss later the reason of this
apparent inconsistency. 
If we compactify one dimension, so that X = R1,8 × U(1), since X retracts on U(1), the
homotopy classes of functions f : X → U(1) coincide with the homotopy classes of functions
ϕ : U(1) → U(1), in particular the class of f corresponds to the class of ϕ defined by
ϕ(u) := f(0, u). Thus Hˆ0(X,U(1)) ≃ pi1(U(1)) ≃ Z: this also follows from the fact that
H1(X,Z) ≃ Z and Hˆ0(X,U(1)) ≃ H1(X,Z). It is easy to find one representative for each
equivalence class in Hˆ0(X,U(1)): for n ∈ Z, we consider the function C˜0(x, z) = z
n, whose
class corresponds to n under the isomorphism Hˆ0(X,U(1)) ≃ pi1(U(1)) ≃ Z, as the reader
can verify. This classifies the (−1)-gerbes topologically. For a given superstring background,
with local Ramond-Ramond potentials (C0)α with respect to a fixed cover, one considers the
globally defined function C˜0 = e
2πi(C0)α , which is both the connection and the holonomy, that
classifies the (−1)-gerbe geometrically. Then, to catch the topological information, which is
the equivalence class up to homotopy, one computes the first Chern class as shown above: if
the latter corresponds to n under the isomorphism H1(X,Z) ≃ Z, then the given C˜0 will be
homotopic to f(x, z) = zn.
If we compactify two dimensions, so that X = R1,7 × T 2, we get that Hˆ0(X,U(1)) ≃
H1(X,Z) ≃ Z ⊕ Z, thus the (−1)-gerbes are topologically classified by this group. One
representative of the class corresponding to (n,m) ∈ Z ⊕ Z is C˜0(x, z, w) = z
nwm for x ∈
R1,7 and z, w ∈ U(1). For other backgrounds the way of arguing is the same, considering
the topology of the internal manifold when computing the cohomology groups or finding a
suitable good cover for the local potentials.
4.2 Flat connections
For a p-gerbe with p ≥ 0, a connection is flat when its curvature is 0. In this case, the
holonomy is quantized and, for p ≥ 0, flat p-gerbes are classified by Hp+1(X,U(1)), for U(1)
the constant sheaf. What happens for (−1)-gerbes? They are classified by H0(X,U(1)),
i.e. by locally constant functions f : X → U(1). This is correct since, for a function
f : X → U(1) thought of as (−1)-gerbe with connection, the curvature 1
2πi
f−1df is zero if
and only if df = 0, i.e. f is locally constant. In this case the holonomy, which is f itself,
is quantized and depends only on the connected component of the domain. We can make a
remark: any locally constant function is homotopic to 1, since U(1) is pathwise connected
(to realize a homotopy it is enough to consider for each component a path in U(1) from the
value of f to 1). Thus, any flat (−1)-gerbe is topologically trivial. In particular, H1(X,Z)
cannot have torsion. This is a topological fact: the more general way to prove it is to
use universal coefficient theorem [5], which implies that H1(X,Z) ≃ Hom(H1(X,Z),Z), so
that it cannot have torsion. But we can prove it also in a more concrete way. In fact,
since H i(X,R) ≃ H i(X,Z) ⊗Z R, it follows that H
i(X,Z) has no torsion if and only if the
natural map ι : H i(X,Z) → H i(X,R) is injective. We have a long exact sequence in Cˇech
cohomology of constant sheaves:
Hˇ0(X,Z) −→ Hˇ0(X,R) −→ Hˇ0(X,U(1)) −→ Hˇ1(X,Z) −→ Hˇ1(X,R)
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which is isomorphic to:
Z −→ R
exp
−→ U(1)
β
−→ Hˇ1(X,Z)
ι
−→ Hˇ1(X,R).
The map exp is surjective, thus, by exactness, β = 0 and, again by exactness, ι is injective.
Any flat (−1)-gerbe is topologically trivial, and, in fact, it can be represented by a global
constant function f , i.e. it can always be lifted to a globally defined potential belonging to
Hˇ0(X,R).
For (−2)-gerbes the situation is very simple. Since they are classified by Z, the only flat
gerbe is the trivial one. Since the curvature completely determines the gerbe, this is not a
surprise.
4.3 Gauge transformations of C0
For the gauge transformations of C0, which we write as (C0)α−(C0)β = nαβ , one must impose
nαβ ∈ Z, otherwise the holonomy C˜0 = e
2πiC0 is not a well-defined function. Let us consider
the gauge transformations of the highest degree potentials for p ≥ 0: they are of the form
(Cp+1)α−(Cp+1)β = d(C
′
p)αβ . One can ask why the condition on the transition forms is to be
integral when the degree is 0 and to be exact for higher degrees. It seems an unnatural jump.
Actually, this can be understood considering the so-called large gauge transformations. Let
us consider a cover U = {Uα}α∈I which is not a good cover. In particular, let us suppose
that the open sets Uα are contractible, but that there exists a double intersection Uαβ such
that Hp+1(Uαβ ,Z) 6= 0. In this case:
(Gp+2)|Uα = d(Cp+1)α
d
(
(Cp+1)α − (Cp+1)β
)
= 0
but we cannot deduce that the form (Λp+1)αβ := (Cp+1)α−(Cp+1)β is exact on Uαβ. Let us see
that nature of (Λp+1)αβ . We can consider a non-trivial (p+1)-cycle Γp+1 ⊂ Uαβ . Then, since
Uα and Uβ are contractible, we can find two (p + 1)-chains (Γp+2)α ⊂ Uα and (Γp+2)β ⊂ Uβ
such that ∂(Γp+2)α = Γp+1 and ∂(Γp+2)β = −Γp+1. Hence, Γp+2 = (Γp+2)α ∪ (Γp+2)β is a
(p + 2)-cycle in Uα ∪ Uβ. Since Gp+2 is integral,
∫
Γp+2
Gp+2 ∈ Z. But the following identity
holds: ∫
Γp+2
Gp+2 =
∫
(Γp+2)α
d(Cp+1)α +
∫
(Γp+2)β
d(Cp+1)β
=
∫
Γp+1
(
(Cp+1)α − (Cp+1)β
)
=
∫
Γp+1
(Λp+1)αβ
therefore: ∫
Γp+1
(Λp+1)αβ ∈ Z.
This implies that (Λp+1)αβ is an integral form. These kind of gauge transformations, involving
non-trivial open subsets, are large gauge transformations. Actually, we can argue in this
way only for a cycle Γp+1 which, although non-trivial in Uαβ , is trivial on the whole space,
otherwise it cannot be contained in the contractible chart Uα or Uβ . In general it is anyway
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true that (Λp+1)αβ must be integral, otherwise the holonomy along Γp+1 would not be well-
defined: in fact, being Γp+1 contained in the charts Uα and Uβ, the holonomy can be defined
as exp(
∫
Γp+1
(Cp+1)α) or exp(
∫
Γp+1
(Cp+1)β), and the difference must be zero.
We have thus shown that, for large gauge transformations, the variation is an integral
form. If we work with a good cover, as usually happens for smooth manifolds, there are
no large gauge transformations. Since the cohomology of a contractible set is trivial at any
non-zero degree, and since all of the integral forms must be closed, it follows that the only
integral forms are the exact ones. Instead, only in degree 0 there is a non-trivial cohomology
group for contractible sets, in particular constant integral functions are integral non-exact
0-forms, and this explains the apparent difference between the transition functions of C0 and
the one of higher degree potentials for good covers.
4.4 Dirac quantization condition in low degree
Let us analyze the meaning of the Dirac quantization condition for (−1)-gerbes and (−2)-
gerbes. We briefly recall what happens for p = 0, the case p > 0 being entirely analogous.
We consider a closed 2-form F on X , and a good cover U = {Uα}α∈I on X . We can now
apply Poincare´ lemma iteratively:
• since dF = 0 and Uα is contractible, we can find local 1-forms {Aα}α∈I such that
F |Uα = dAα;
• since dAα|Uαβ = dAβ|Uαβ , we can find local 0-forms fαβ such that Aα|Uαβ − Aβ |Uαβ =
dfαβ;
• since d(fαβ+fβγ+fγα) = Aα−Aβ+Aβ−Aγ+Aγ−Aα = 0, it follows that fαβ+fβγ+fγα =
fαβγ constant.
In this way realize the class [F ]dR ∈ H
2
dR(X) as a Cˇech cohomology class [{fαβγ}] ∈ Hˇ
2(X,R).
If we consider gαβ = e
2πifαβ , we obtain transition functions with values in U(1) such that
gαβgβγgγα = gαβγ, with gαβγ constant. If gαβγ = 1 they are transition functions of a line
bundle L. In this case fαβγ ∈ Z so that they realize a class in Hˇ
2(X,Z) which is the
first Chern class c1(L). It follows that F is a curvature of the connection [{gαβ,−Aα}] ∈
Hˇ1(X,U(1) → Ω1
R
) and, as we have already said, c1(L) ⊗Z R ≃ [F ]dR. Only in this case
holonomy is a well-defined function on the loop space of X . Vivecersa, for F integral we can
always choose fαβ ∈ Z. In fact, since [{fαβγ}] is integral, it follows that fαβγ = nαβγ+δˇ
2{cαβ}
with cαβ real constant. Hence, f
′
αβ = fαβ + cαβ ∈ Z, and, since df
′
αβ = dfαβ, we can replace
fαβ with f
′
αβ . This proves that any integral form is the curvature of a connection on a line
bundle.
For (−1)-gerbes, let us start from a closed 1-form F . Then:
• since dF = 0 and Uα is contractible, we can find local functions {fα}α∈I such that
F |Uα = dfα;
• since dfα|Uαβ = dfβ|Uαβ , it follows that fα − fβ = fαβ constant.
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We thus get that [F ]dR ≃ [{fαβ}] ∈ Hˇ
1(X,R). If we consider gα = e
2πifα we obtain that
g−1α gβ = gαβ constant. If gαβ = 1 we obtain a global function g : X → U(1), which is a
(−1)-gerbe and coincides with its holonomy. This happens if and only if fαβ ∈ Z, and in
this case [F ]dR is integral and F =
1
2πi
g−1dg. Vicevesa one can prove that, for F integral,
we can always find g such that F = 1
2πi
g−1dg. Thus, as for p ≥ 0, the Dirac quantization
condition is equivalent for the holonomy to be a globally defined function. In particular, this
means that the Wess-Zumino action of a D-instanton has a well-defined exponential, the
latter being the path-integral measure: otherwise, on the intersection of two local charts,
such an exponential should depend on the choice of the chart.
Some comments are in order about the quantization of G0. Such a field-strength arises
from a D8-brane, with 9-dimensional world-volume, which breaks the space-time in two
disconnected components. The simplest example is a magnetic monopole in 0+1 space-time
dimensions. In this case the space-time is R, and the magnetic monopole with charge q is
fixed in the origin. Then, a linking manifold of the charge is the sphere S0, i.e. the disjoint
union of the two points −1 and 1. Therefore, the field-strength is a 0-form F , i.e. a function
F : R \ {0} → R. It must be closed, hence locally constant on R \ {0}: this means that it
assumes a constant value α+ on the set of positive numbers and a constant value α− on the
set of negative numbers. Then:
q =
∫
S0
F = F (1)− F (−1) = α+ − α−,
therefore the Dirac quantization conditions means in this case that α+ − α− ∈ Z, up to
a normalization constant. It is not necessary that α+ and α− are separately integral. In
other words, considering the 0-degree de-Rham cohomology H0dR(R \ {0}) ≃ R⊕R, it is not
necessary that F lies in the integral lattice H0(R\{0},Z) ≃ Z⊕Z, but only in the subgroup
{(α+, α−) |α+ − α− ∈ Z}. In string theory, when we consider the field-strength G0, we are
considering a space-time which should be one of the two halves of a bigger space-time, which
is split in two parts by a D8-brane. Therefore, it is not strictly necessary that G0 is integral:
this is true if we assume that, in the other half that we do not consider, it is set to 0.
5 Conclusions
We have shown in this paper how to describe in a unitary way the geometry of Ramond-
Ramond field strengths and potentials, including the low-degree cases, and consequently the
geometry of D-brane charges and Wess-Zumino action including D-instantons. To achieve
this aim, we have introduced a variant of the ordinary Cˇech cohomology, which we have
called hat-cohomology. With this language, we can define abelian p-gerbes with connection
for any p ∈ Z:
• topologically a p-gerbe up to isomorphism corresponds to an element of Hˆp+1(X,U(1));
• geometrically a p-gerbe with connection up to isomorphism corresponds to an element
of Hˇp+1(X,U(1)→ Ω1
R
→ · · · → Ωp+1
R
).
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It follows that there exist non-trivial gerbes only for p ≥ −2. The Ramond-Ramond field
strength Gp+2 is a curvature on a p-gerbe for p ≥ −2, and the Ramond-Ramond potentials
Cp+1 are the local top-forms of a connection on the corresponding p-gerbe for p ≥ −1.
For the case p = −1, the field strength is the integral 1-form G1, whose holonomy
is the globally defined function C˜0 = e
2πiC0 , where C0 : X → R/Z is the connection.
The topological data, i.e. the (−1)-gerbe up to isomorphism, is the equivalence class up to
homotopy [ C˜0 ] ∈ Hˆ
0(X,U(1)). The Dirac quantization condition for G1 is equivalent to the
fact that C˜0 is globally defined, i.e. that the Wess-Zumino action for a D-instanton:
SWZ = q−1 · C0(WY−1)
has a well-defined exponential, the latter being the path-integral measure.
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A Chern class of a function
We prove the following lemma, which was stated in subsection 2.3.
Lemma A.1 Let us give to S1 ⊂ C the counter-clockwise orientation, so that we fix an
oriented generator 1 ∈ H1(S1,Z) ≃ Z. Then, for f : X → S1:
c1(f) = f
∗(1) .
Proof: For w = e
2
3
iπ, let us consider the three points 1, w, w2 ∈ S1. We consider on S1
the good cover U = {U0, U1, U2} where U0 = {e
2πiθ | 0 < θ < 2
3
}, U1 = {e
2πiθ | 1
3
< θ < 1}
and U2 = {e
2πiθ | 2
3
< θ < 4
3
}: in this way, orienting S1 counterclockwise, U0 = (1, w
2) and
w ∈ U0, U1 = (w, 1) and w
2 ∈ U1, U2 = (w
2, w) and 1 ∈ U0. We now compute the Cˇech
cohomology of Z with respect to U. The double intersections are U01, U12 and U02, and there
are no higher-order intersections. Thus:
Cˇ0(U,Z) = Z⊕ Z⊕ Z
Cˇ1(U,Z) = Z⊕ Z⊕ Z
Cˇ i(U,Z) = 0 ∀i ≥ 2
δˇ0(a, b, c) = (b− a, c− a, c− b)
δˇi = 0 ∀i ≥ 1 .
Denoting with Zˇ the cocycles and with Bˇ the coboundaries, it follows that Zˇ1(U,Z) =
Cˇ1(U,Z), while Bˇ1(U,Z) = {(n,m,m− n)}. Thus, in cohomology of degree 1, [(n,m, s)] =
[(n,m, s)−(n,m,m−n)] = [(0, 0, s−m+n)], thus every cohomology class can be represented
as [(0, 0, k)]. Moreover, [(0, 0, k)] = [(0, 0, h)] if and only if k = h. Thus the isomorphism
Hˇ1(X,Z) ≃ Z can be expressed as [(0, 0, k)] ≃ k.
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The cohomology class 1 is thus represented as [(0, 0, 1)], thus, if we consider in X the open
cover f−1U = {f−1U0, f
−1U1, f
−1U2}, the cohomology class f
∗1 ∈ Hˇ1(X,Z) is represented
by the cocycle with value 1 on f−1U02 and 0 on f
−1U01 and f
−1U12. Let us show that this
class corresponds to c1(f). In fact, let us choose the logarithms of f accordingly to the
definition of U0, U1 and U2: we define f |f−1U0 = e
2πiρ0 with 0 < ρ0(x) <
2
3
for every x ∈ U0,
and similarly for ρ1 and ρ2. We now see that in the definition of U0 and U1 the angle θ agrees
on U01, and the same for U12, while there is a difference of 1 on U02. Thus, ρ0 − ρ1 = 0 and
ρ1 − ρ2 = 0, while ρ1 − ρ2 = 1. That’s why c1(f), computed via ρi − ρj , agrees with the
pull-back of [(0, 0, 1)], which is the class 1 in Hˇ1(S1,Z). 
B Hat-hypercohomology
It seems natural to extend the definition of hat-cohomology to the one of hat-hypercohomology,
in order to describe connections and holonomies in this way. Actually, we show that the ex-
tension can be defined, but it gives no interesting information, therefore, in order to deal
with connections, it is better to use Deligne cohomology as we did up to now.
We can apply the general definition of hat-cohomology, given in subsection 3.2, to the
sheaves of differential forms of a fixed degree on a manifold X . What are the cohomology
groups Hˆ∗(X,Ωp
R
)? The case is analogous to the one of the sheaf R = Ω0
R
. In fact, since Ωp
R
admits partitions of unity, it is acyclic, i.e. Hˇ i(X,Ωp
R
) = 0 ∀i 6= 0. Thus, in Cˇech cohomology,
the only non-trivial group is Hˇ0(X,Ωp
R
), which is made by p-forms globally defined on X .
We now show that, in hat-cohomology, Hˆ0(X,Ωp
R
) = 0 ∀i ∈ Z. In fact, e.g. for i = 0, it
follows from the definition that:
Hˆ0(X,Ωp
R
) ≃ Hˇ0(X,Ωp
R
) / homotopy,
where a homotopy between two global forms is a path joining them. Actually, any p-form ω
is homotopic to zero, thanks to the following homotopy:
ϕ : I −→ ΛpT ∗X
ϕ(t)(X1, . . . , Xp) := t · ωx(X1, . . . , Xp).
It is easy to see that i∗0Ω = 0 and i
∗
1Ω = ω, thus Ω is a homotopy between ω and 0.
Analogous considerations show that Hˆ−i(X,Ωp
R
) = 0 for any i ∈ N. In fact, given a cocycle
ϕ : I i → ΛpT ∗X , with ϕ|Ji = 0, it holds that ϕ = δˆ
−i−1Φ for Φ homotopy between ϕ and 0
relative to the boundary.
Let us now study the hypercohomology corresponding to the hat-cohomology. The hat-
double-complex associated to the complex of sheaves:
U(1)
d˜
−→ Ω1
R
d
−→ · · ·
d
−→ Ωp+1
R
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with respect to a good cover U is:
· · · // Cˆ−1(U,Ωp+1
R
)
δˆ−1 // Cˆ0(U,Ωp+1
R
)
δˆ0 // Cˆ1(U,Ωp+1
R
)
δˆ1 // · · ·
...
d
OO
...
d
OO
...
d
OO
· · · // Cˆ−1(U,Ω1
R
)
δˆ−1 //
d
OO
Cˆ0(U,Ω1
R
)
δˆ0 //
d
OO
Cˆ1(U,Ω1
R
)
δˆ1 //
d
OO
· · ·
· · · // Cˆ−1(U, U(1))
δˆ−1 //
d˜
OO
Cˆ0(U, U(1))
δˆ0 //
d˜
OO
Cˆ1(U, U(1))
δˆ1 //
d˜
OO
· · ·
It is infinite on the left and on the right. Let us compute Hˆp+1(X,U(1)→ Ω1
R
→ · · · → Ωp+1
R
).
We consider for simplicity the case of line bundles, the others are analogous. Thus the
complex is:
· · · // Cˆ−1(U,Ω1
R
)
δˆ−1 // Cˆ0(U,Ω1
R
)
δˆ0 // Cˆ1(U,Ω1
R
)
δˆ1 // · · ·
· · · // Cˆ−1(U, U(1))
δˆ−1 //
d˜
OO
Cˆ0(U, U(1))
δˆ0 //
d˜
OO
Cˆ1(U, U(1))
δˆ1 //
d˜
OO
· · ·
and the 1-cochains are the same as for Cˇech hypercohomlogy, i.e. Cˆ1(U, U(1))⊕ Cˆ0(U,Ω1
R
),
which is equal by definition to Cˇ1(U, U(1))⊕Cˇ0(U,Ω1
R
). Since also the coboundaries are equal
for non-negative degrees, the cocycles are the same: they are of the form {gαβ,−Aα} with
gαβgβγgγα = 1 and Aα − Aβ =
1
2πi
d log gαβ. The difference can be seen in the coboundaries:
there are the usual coboundaries coming from the cochains in Cˆ0(U, U(1)), but there are
also the coboundaries coming from cochains in Cˆ−1(U,Ω1
R
). Thus the general coboundary
is of the form δ({gα}, ϕ) = ({g
−1
α gβ,
1
2πi
d log gα + ϕ(1)}, for ϕ : I → T
∗X . This means
that there are new coboundaries of the form (1, A) for A a globally-defined 1-form: but
these are exactly the topologically trivial line bundles, with any connection. Thus, the
cohomology class contains information only about the topology of the line bundle, i.e. there
is an isomorphism Hˆ1(X,U(1) → Ω1
R
) ≃ Hˆ1(X,U(1)). For higher degrees the situation is
analogous. In degree −1 it is even clearer since the double-complex has only one line and it
reduces to the hat-complex, thus we get exactly Hˆ0(X,U(1)). Thus, in general:
Hˆp+1(X,U(1)→ Ω1
R
→ · · · → Ωp+1
R
) ≃ Hˆp+1(X,U(1)) ∀p ≥ −1 .
For i ≤ −2 the double complex is the 0-complex, thus, for i ≤ −3, the isomorphism still
holds, but not for i = −2, since Hˆ−1(X,U(1)) ≃ Z. Actually, one can also consider the
infinite complex of sheaves:
U(1)
d˜
−→ Ω1
R
d
−→ Ω2
R
d
−→ · · ·
and prove in the same way that:
Hˆp+1(X,U(1)→ Ω1
R
→ Ω2
R
→ · · · ) ≃ Hˆp+1(X,U(1)) ∀p ∈ Z .
Now the isomorphism holds also for p = −2.
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